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Ab s t r a c t
The definitions of htype indexes, seeking to
give a singlenumber measure of an author’s im
pact, usually involve both the author’s productiv
ity in terms of the number of papers published
and of the number of citations subsequently re
ceived. In studying the evolution of such indexes
over time, one therefore needs to consider both
the publication and citation processes.
Here we consider the career (so far) of a
single scientist so far as his publication and cita
tion records are concerned using data gathered
from the Web of Science (WoS). Our interest is,
in particular, focussed on individual citation pat
terns as well as the overall cumulation of public
ations and citations and the distribution of cita
tion rates. We find that the development of the
citation process as a whole conforms well to the
form speculated by Hirsch (2005, 2007) as well
as Burrell’s (2007a,b) stochastic model.
However, the citation process at the level of indi
vidual papers shows discrepancies from the
model assumptions and we suggest some pos
sible reasons for this.

1 Introduction
In the paper in which he first presented the hin
dex, Hirsch (2005) gave a heuristic and determ
inistic argument to describe the evolution of a
scientist’s publication/citation career. Burrell
(2007) subsequently presented a model which
sought to incorporate both the publication and
*

citation processes in a stochastic formulation.
Numerical investigations using Burrell’s (2007)
model produced results that supported Hirsch’s
(2005) conjectures.

2 The case study
B. W. (Bernard) Silverman is an eminent British
statistician. He gained early recognition as a pro
found and influential researcher in theoretical
statistics, most notably in the areas of density es
timation, smoothing techniques and the use of
wavelets. He has received many honours and
awards, including Guy Medals in both Bronze
(1984) and Silver (1995) from the Royal Statist
ical Society, and was elected a Fellow of the
Royal Society (FRS) in 1997. In this study, we
consider Silverman’s published papers classed
as “articles” by Web of Science (WoS), of which
there are 62 published between 1976 and 2007,
the period covered here.

3 T h e b a s i c evo l u t i o n
3.1 The publication process

The simple model for the publication process of
an individual scientist proposed by Hirsch
(2005) was to assume that the scientist produces
papers at a constant rate. In this deterministic
model, therefore, a plot of the total number of
papers against time will be strictly linear, the
slope being the assumed rate. Burrell (2007) in
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stead proposed that the author produces papers
in some random fashion over time. More pre
cisely he proposed that the publication process
can be modelled by a Poisson process of rate θ.
Thus from the start of his/her publishing career
(at time zero), by the end of year n the number of
publications Yn has the distribution

P(YT  r)  e

T

(T) r
, r  0,1, 2,...
r!

and the expected or mean number is given by
E[Yn] = θn. Note that the parameter θ gives the
mean number of publications per year for this
author, called the publication rate. With this
model the actual number of publications does
not increase in a strict linear fashion but in
creases linearly “on average”.
Note that the original formulation was in
continuous time while for the empirical data, we
are relying on endofyear data taken from WoS.
Hence in the above n = 0, 1, 2, … . In the case of
Bernard Silverman, his first paper appeared dur
ing 1976 so we take n = 0 to be the end of 1975,
n = 1 to be the end of 1976 and so on to n = 32
being the end of 2007. Looking at the Silverman
data, we see from Figure 1 that the data points
increase approximately linearly. Indeed, for the
least squares (LS) regression line constrained to
pass through the origin, as it must, we find R2 >
0.99 and the LS estimate of the rate is

θˆLS  2.06.
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Thus, this example suggests that the assump
tion of a constant mean rate of publication is
tenable.

3.2 The cit ation process
Hirsch (2005) assumed, for his heuristic, de
terministic model, that not only does an author
publish at a constant rate but that each published
paper subsequently accrues citations at a con
stant rate, the same for all papers. Thus each pa
per published in year j receives c (say) citations
in years j+1, j+2, … . It is then easy to show that
the total number of citations received by all pub
lications in years 1, 2, …, n is, by time n+1, pro
portional to n(n+1). We have already seen that
Burrell’s (2007) continuous time stochastic
model assumes that the publication process is
random. For the citation process, he assumes
variation occurring in two ways: firstly that each
paper receives citations in a random fashion and,
secondly, that the (mean) rate at which citations
are received varies from paper to paper. It is
shown in Burrell (2007b) that, given the precise
model assumptions, the (expected) total number
of citations received by the end of year n is pro
portional to n2. (The difference in the two res
ults arises in part from the fact that in the dis
crete time deterministic model a paper can only
receive citations in the next year, in the continu
ous time stochastic model citations can be re
ceived at any time after publication.)
Writing C(n) for the cumulated number of
citations, the stochastic model assumes that the
approximate relationship is C(n) = αn2, i.e. a
pure square law. The LS regression estimate of
the coefficient α is given by
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Figure 1: Yearbyyear cumulation of Silver
man’s published articles

C(n)n 2
n4

For the Silverman data we find α = 2.76 and this
gives the fitted LS regression as in Figure 2.
Clearly, the fit of the pure square law is not very
satisfactory, describing the development only in
the most general terms.
In Figure 1 of Hirsch (2007) are shown the
cumulated citation distributions with fitted
quadratic curves, though showing rather fewer
data points than we have here, for two eminent
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physicists. The fits look to be quite good al
though the precise form of the assumed quadrat
ic is not stated nor is any goodness of fit repor
ted. If we relax the strict square law form we see
in Figure 3 that, for the Silverman data, the LS
quadratic fit constrained to pass through the ori
gin, i.e. the form C(n) = αn2 + βn, is excellent
with R2 = 0.9977.
However, modelling informetric data should
not just be a curvefitting exercise – one should
look at the explanatory details of the model.

model prediction. To see why this might happen
we need to look more closely at the basic model
assumptions, of which there are two. The first is
that any particular publication attracts citations
at a constant rate on average – more precisely,
according to a Poisson process. The second is
that different papers have different rates – more
precisely, with rates following a gamma distribu
tion.
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Figure 4(a). Constant citation rate.
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Figure 2. Yearbyyear cumulation of citations to
Silverman’s published articles with fitted pure
square curve.
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Figure 4(b). Decreasing citation rate.
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Figure 3. Yearbyyear cumulation of citations to
Silverman’s published articles with fitted (re
stricted) quadratic curve.
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4 Model assumptions
We have seen that the cumulative citation distri
bution is not quite in accord with the stochastic
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Figure 4(c). Increasing citation rate.
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The reason why these specific assumptions
were made was that on the one hand they are in
tuitively reasonable but also that they enable a
full analytic form of the mathematical model to
be derived. Here we just consider the general as
sertions using simple graphical methods.
Figures 4(a)–(c) show the cumulative cita
tions for a selection of Silverman’s papers. For
each paper we take year 1 to correspond to the
year of publication so that the lengths of the
graphs vary depending on the year of publica
tion. We have sorted the plots into three groups
representing the typical general shapes we have
found, though there are exceptions.
In 4(a), where we see the cumulated citations
increasing linearly (R2 > 0.95 in all cases), this
corresponds to a constant mean citation rate, as
assumed in the model. The approximately con
cave forms as illustrated in 4(b) correspond to
papers having a decreasing citation rate. Note
that it is often assumed in the literature that pa
pers do suffer from ageing or obsolescence, per
haps because they are superseded by later work,
which would lead to a decreasing citation rate.
Finally, in 4(c), we see instances approximately
convex forms, corresponding to papers with an
increasing citation rate. These are, perhaps, pa
pers whose importance is only gradually realised
and which become ever more influential as time
progresses. Extreme forms of this phenomenon
have been referred to as “Sleeping Beauties”
(van Raan 2004, Burrell 2005).
Note also that the three sets of graphs all
show differences in citation rates, as expected,
and that the different forms are not associated
with particular sorts of citation rates.

5 Discussion
We have seen that, at least in the case of Bernard
Silverman, an author’s publications increase ap
proximately linearly over time; the number of re
ceived citations increases approximately quadrat

ically. These results are in line with model as
sumptions of Hirsch (2005, 2007) and Burrell
(2007a, b). However, at the level of individual
papers, there are discrepancies between the ob
served citation behaviour and that assumed in
the stochastic model. In particular the assump
tion of a constant citation rate for each paper
does not hold in many cases. It is remarkable
that such discrepancies do not affect the overall
behaviour of the citation process in general
terms. Why this might be warrants further in
vestigation. Despite these reservations, the
stochastic model is the most successful so far
presented for the publication/citation process.
We suggest that more, similar, work at the micro
level could well be fruitful, perhaps leading to
comparative studies between different workers
in the same field and between workers in differ
ent fields.
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